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INTRODUCTION

The chief factors which are a measure of the performance of loud
speakers or combinations of loud speakers are:

1. Frequency range.

Unisformity of response.
Directional characteristics.
Efficiency.

. Power handling capacity.

The greater part of the literature, which has been published in the
English language on the subject of loud speakers, has been concerned
with the frequency response or the efficiency. The directional char-
acteristics have received very little attention as such, although a cer-
tain amount of the literature, which has been published on radiation
from antennas®-? and on optical diffraction phenomena® may, with
proper interpretation, be adopted to the acoustical effects which take
place when sound is radiated from a loud speaker or a combination of
loud speakers.

With this apology, we are, therefore, going to proceed to develop
for acoustical purposes a certain amount of work which has already
appeared in the above mentioned sources, as well as some new work,
which is particularly applicable to the acoustical problems, so that a
rather complete source for this subject may be made available to those
interested. Additional derivations and sources, may be found in the
various references.

In the following discussion of the directional characteristics of sound
radiating systems, we shall proceed by first investigating the char-
acteristics which a sound source should have in order to give the most
satisfactory results under its conditions of use. As will be made clear
below, the directional requirements for a loud speaker to be used in the
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home are not the same as for one to be used in a theatre. The directional
characteristics of various types and combinations of point, line and sur-
face sources will be discussed in terms of the results obtained on a
theoretical basis. The derivation of the results are carried thru for a
number of typical cases in the appendix. The actual characteristics
of various experimental and commercial sound sources will be compared
and checked with the corresponding theoretical derivations, and will
be discussed from a standpoint of the ideal characteristics which were
proposed at the beginning of the discussion.

It is interesting to note that from a wave standpoint the radiation
of sound at audible frequencies includes the same type of phenomena
as diffraction in optics, and the radiation and reception of the electro-
magnetic waves used in communication and broadcasting. The results
which are obtained in one field may be of either theoretical or experi-
mental aid in any of the others. We may also point out that a con-
siderable portion of this discussion may be of use in determining the
directional pickup of sound, when receiving apparatus, having the same
relative characteristics as that of the sound sources, which are discussed,
is substituted for them.

Loup SPEAKER DIRECTIONAL CHARACTERISTIC REQUIREMENTS

For loud speakers to be used in small rooms, home use, a non-direc-
tional characteristic at all frequencies is to be desired. The listener
is almost always close to the set, and sound absorption of objects in
the room is usually high, so that the direct sound reaching the listener
is of most importance.

Curves will be given below showing to what extent some of the loud
speakers commonly used in radio sets satisfy these requirements.

Requirements for loud speakers which are used in auditoriums are
more complex and difficult to satisfy. It is rather common opinion,*
that an auditorium in which speech is reproduced on loud speakers
should have a lower reverberation period than one which is used for
direct talking. This is due to the normally higher sound level of the
mechanical reproduction, the large amount of power available, and
the fact that a certain amount of reverberation has already been intro-
duced in the recording. We are in agreement with Watson® that opti-

# S. K. Wolf, Proc. S.M.P.E.—14, 151, 1930.

§ E. W. Kellogg—Proc. S.M.P.E.—14, 96, 1930.
¢ F. R. Watson—Science—67, 335, 1928.
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mum conditions, at least for mechanical and electrical reproduction of
speech, are obtained with equivalent outdoor conditions.

The reverberation time of an auditorium is usually defined in terms
of an initial uniform or at least random distribution of sound energy.
When the sound issues from loud speakers, it is probably fairer to meas-
ure an effective reverberation time in terms of an initial intensity, which is
expressed in terms of the sound energy due to direct radiation from the
loud speakers, plus the random sound energy, rather than in terms of an
average uniform pressure throughout the auditorium. If the sound
energy radiated from the loud speakers is directed in a beam towards the
audience the effective reverberation is less than reverberation as usually -
defined; if it is directed away from the audience the efiective reverbera-
tion time is greater. When the beam is not uniformly distributed, the
audience in the stronger parts of the beam is conscious of the shortened
effective reverberation. Therefore, if minimum effective reverberation
is to be attained in any auditorium, we reach the conclusion that all
sound energy should be directed so as to strike the audience before
reflection from any other surface. From the standpoint of the effective
efficiency of loud speakers to be used outdoors, this is also quite evi-
dently the logical requirement.

If the sound radiation is taking place from a vibrating diaphragm
or diaphragms, the directional characteristics are determined by the
shape, size and relative positions of the diaphragms, the velocity dis-
tribution over their surfaces, and upon the distribution and configuration
of whatever constraints there may be in the neighborhood of the vibrat-
ing surfaces such as baffles or enclosures. When sound is radiated from
a horn or horns, the directional characteristics are determined almost
entirely by the shape and size of the emerging waves and upon the
intensity distribution over the horn mouth.

THEORETICAL RESULTS

In considering the types of possible radiators we will proceed from
the simple to the complex in the following order:

1. Point source.

Systems of point sources.

Line sources with uniform velocity distribution,
Line sources with non-uniform velocity distribution.
Curved line sources.

Plane surface sources—arbitrary distribution.

A
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The consideration is very much simplified if the directional char-
acteristics are determined at a point located at a sufhciently great
distance from the sound radiating system so that lines joining the
distant point with all parts of the sound radiating system are sub-
stantially parallel. Since the main facts of interest become apparent
when this restriction is imposed, we will confine our attention to the
characteristic at a great distance from the radiating system.

Curves have been plotted using either polar or rectangular co-or-
dinates, so as to be most useful for either illustration or computation.
Most curves illustrating special cases and experimen
been plotted on polar paper, the radius being proportional to the ab-
solute value of relative pressure in the direction of the angular co-
ordinate. For general cases which are to be used for computation, it
was found most convenient to plot on rectangular co-ordinates, using
either the absolute or algebraic value of the relative pressure as or-
dinate, and a function of the angle of the point at which sound is re-

ceived, frequency of radiation, and size of the source as abscissa.

al sy
UILCLI. Curves lld.VC

1. Point Source

It is well known that the radiation from a point source is uniform in
all directions. When a radiating source is small compared to the wave
length being radiated, it behaves effectively like a point source.

2. Systems of Point Sources

Except for the particular case where the distance between the sources
is less than or equal to one half wavelength the use of two point sources
leads to an objectionable characteristic. Mathematically, (see Appen-
dix, Section A for exact definition of R,), the relative intensity on a
circle in a plane passing thru the two points is:

R.=cos Z where Z=(xd/\) sin «
d =distance between the two point sources
A =wavelength
a =the angle the line from the source to the distant point makes
with the normal to the line joining the two sources.

When the distance between the sources is less than one half wave-
length, a symmetrical 180° displaced double maximum of gradually
increasing sharpness is shown when the relative directional radiation is
plotted on polar co-ordinate paper at increasing frequencies. At the
point where the distance between the sources equals one-half wave-
length these maxima become two lobes in contact. Above this fre-
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quency a number of other maxima begin to appear, rising to the same
intensity as the central one, increasing in number as the frequency is
raised.

We shall next consider a combination of point sources linearly ar-
ranged, intensities equal and all in phase (See Appendix, Section A,
case (a)). Mathematically, the relative intensity in a circle in a plane
passing through the line of points is given by:

sin nZ

b
nsin’Z

where # is equal to the number of point sources and the other symbols
have the same meaning as above.
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Fic. . Theoretical Radialion Distribution Characleristic of
Linear Arrangement of 5 Point Sources.

The characteristic in this case is a function of #. As an illustration,
the characteristic for # =3 has been plotted on Fig. (1) as a function of
of Z, and in Figs. 2, 3 and 4 for some special cases. It will be noted
that this characteristic consists of a large central maximum followed by
three smaller ones of alternating phase and then another one which is
of the same size as the central one. The curve then repeats itself in the
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same manner. In general, the characteristic with # point sources will
be quite similar to this with a number z—2 of small maxima between
the large ones. At low frequencies there will first be present the single
central maximum gradually increasing in sharpness as the frequency is
raised and then this will be followed by the smaller maxima and later
by the next large maximum. If the frequency range used is low enough
so that the first large maximum which follows the central one does not
appear, this directional characteristic is not very unsatisfactory. In a
plane perpendicular to the line joining the source the distribution of
sound intensity is, of course, uniform.

At first glance the negative values of the pressure may seem con-
fusing. The negative values indicate a phase shift of 180° in sound pres-
sure as the microphone is moved along a circle with the center of the
source as center. An analysis of the computation of directional char-
acteristics shows that for linear or plane sources which are symmetrical
with respect to the center, only this 180° shift in phase is possible. In
such a case, whenever the phase shifts, the intensity must pass thru
zero. Unsymmetrical or non linear sources, on the other hand, have
directional characteristics in which the phase assumes other values
and, therefore, do not have directional characteristics in which the pres-
sure must assume zero value between lobes.

It is interesting to consider the characteristic of a system similar to
the one which has just been described with the exception that there is
a progressive phase shift ¢ between successive point sources. Curves
showing the characteristics of various sources of this type have been
worked out by Stenzel?-® and Foster! (See Appendix, Section A, Case
(b)). The result is expressed analytically in the form:

. dsina ¢

sin ur —

A 27

R, = — -
. d sin « P

nSInT —

LA 2

This characteristic difiers from that of the system of point sources with
no phase shift, in that the direction of the principal maximum is no

7 H. Stenzel—Uber die Richtcharacteristik von Schallstrahlern, Elektrische Nachrichten
Technik, June 1927.

8 H. Stenzel—Uber die Richtcharacteristik von in einer Ebene anegeordneten Strahlern,
Elektrische Nachrichten Technik, May 1929,

Many other references may be obtained by referring to the bibliographies appended to the
above papers.
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longer necessarily perpendicular to the line joining the sources but has
been shifted so that it is at an angle ¥ to the normal to the line of sources,
where v is sin™! (¢\/27d).

A radiating system of point sources may thus be made to radiate
most strongly in any direction whatsoever by a proper phase shift
being introduced for each source. However, the sharpness of the charac-
teristic is a function of the angle of maximum radiation. In reference
(8) the author describes a system in which an arrangement of an even
number of point sources upon the circumference of a circle with pro-
per phase distribution among the sources not only has the same “di-
rectional sharpness” (peilscharfe) in any direction, but has the added
advantage of possessing small secondary maxima.

We have, up to this point, been considering a distribution of point
sources on a straight line. We will now consider the effects which take
place when the sources are distributed upon the arc of a circle. It
will be assumed that the points are equally spaced and that the inten-
sities and phases are equal.

The result obtained in this case (if the number of point sources is
odd, i.e., if # is equal to (2m—+1), where m is an integer) is:

Rom i 3 cos [ eostat 1)
¢‘2m+1| 2 cos | ——cos(a
E=+m 2 R
+i 2, sin [l- cos (« -+ k&):, 1
=—m )«-

where @ is the angle subtended at the center of the circle by the arc
joining any two successive point sources and « is the angle between a
radius drawn thru the central point and the line joining the source
and the distant point. The expression for an even number of sources is
quite similar and need not be given here.

The directional distribution of radiation is a function of 2, R/A
where R is the radius of the circle of which the arc is a part, and 4.

The characteristic for a source in which = (2m+1)=5, R=10 feet
and #=7.5° at a frequency of 1400 cycles is plotted in Fig. 5. An in-
spection of the equation which has just been given shows that no change
is made in R, if @ is kept constant and R/\ is unchanged. For the pur-
pose of comparison the characteristics of a similar linear arrangement
is shown on the same figure.

It is seen that at this comparatively high frequency the character-
istic of the circular combination although showing a tendency to exhibit
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the same peaks as the linear arrangement is considerably smoother.
The characteristic in this case does not exhibit the same pronounced
peaks as in the linear arrangement for the reason that except at very
low frequencies it becomes impossible for the radiation from all the
points to be in phase at a distant point in space. At lower frequencies
the two curves will approach each other but, of course, Jarge secondary
maxima will not be present. Thus, this circular arrangement is on the
whole more uniform than the similar linear arrangement. To facilitate
comparison the absolute values of the relative pressure have been plotted
for the linear arrangement.
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F16.5. Theoretical Radiation Distribution Characleristics of Combina-
ton of Point Sources on Arc (Special Case ol 1400 cycles),

3. Line Sources with Uniform Velocity Distribution

We have seen that combinations of point sources whether on lines
or sections of a circle lead to directional characteristics which contain
an unsatisfactory number of secondary maxima. We shall now consider
the results which can be obtained by means of continuous line sources.

In this case the result obtained is:
sin Z
Ra=—
Z

where Z now equals (w/\) sin «, and where ! equals the length of the
linear source (See Appendix, Section A, Case (b) for theory). The
result has been plotted as a function of Z in Fig. 8 and for some special
cases in Figs. 6 and 7.



SN S

F16. 6. Theoretical Radiation Distribution Characteristic of
Line Source (Special Case i= 9 f1.).
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F1. 7. Theoretical Radiation Distribution Characleristic of
Line Source (Special Case =9 ft.).
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It will be seen that the secondary maxima of this radiator become
progressively smaller, instead of rising to unity again as in the case in
the combination of point sources. This is due to the fact that for direc-
tions other than the normal to the line all the radiation from all the
points can never be in phase, whereas, in the sound source composed
of point sources, secondary maxima equal in intensity to the radiation
straight ahead appear at angles inclined to the normal when radiation
from all points is in phase. In the case of the continuous line source the
secondary maxima are much smaller, although not necessarily so small
as not to exercise a disturbing influence.

The introduction of a progressive phase shift along a uniform line
source introduces an effect similar to that noted with point sources
(see Appendix, Section B, Case (b)).

4, Line Sources with Non-uniform Velocity Disiribution

All the sources that have been studied up to this point have consisted
of points which are all radiating with the same intensity or continuous
sources in which the distribution of velocity is uniform. We shall now
consider sources in which the distribution of velocity along the sources
varies.

The study of a linear source with a distribution of velocity of the
type f(v) =¢~™= between x=0 and x=1/2 and where f(v) =e™ between
x=0 and x= —I/v where f(v) represents the distribution in intensity
along the source, m is a constant and / is the length of the source gives
very interesting results. By changing the value of m, a wide variety of
sources can be studied. When m is positive the intensity drops off from
center to edge, when m is negative it increases, when m is zero, a source
with uniform distribution of intensity is obtained. The larger m is,
as a positive number, the more rapid the decrease in intensity towards
the edges and as a limiting case for m = the single point source is
obtained. On the other hand, the larger m is, as a negative number,
the more rapidly the intensity increases towards the edges and as a
limiting case for m= — 0, 2 point sources are represented. We shall
consider this distribution with all the points in phase. It can be shown
that the relative sound intensity, at a distance, along a circle in the plane
of the line for this exponential distribution is: (See Appendix, Section
B, Case (c) for theory)

B w re""(z sinZ — wcosZ) + r.o]
R, =
1 — el w? + Z%
In this equation w=Im/2 and Z = (xl/\) sin «
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It is evident that R, is a function of both Z and w. R, as a function
of Z for a series of values of w has been plotted in Fig. 8. It will be noted
that the value of R, is a constant equal to one for w=0o0 as should be
expected for a point source, and has a cosine form for w = —o0 as should
be expected for two point sources. As w shifts from negative to positive
values, the directional characteristics as functions of Z become less
sharply defined and the secondary maxima become less intense. When
D=0 the characteristic is that of the uniform line source.
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Frc. 8. Theoretical Radiation Distribution Characteristics of Line Source
wich Exponential Distribution of Velocity Along Source.
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5. Curved Line Sources

The consideration of the radiation from a circular arc is of interest
as we commonly have to deal with the directional characteristics of
the waves which are constrained between flaring surfaces up to a certain
distance from the source and the radiation which reaches the free air
may be considered to have an arc shape as it issues from the opening.
If R.,in the plane of the arc, is determined for the case of a circular arc,
a result is obtained in the form of an infinite series of Bessel’s functions
of ascending order. This result is not amenable to simple computation.

An approximation may be made by breaking the line up into a num-
ber of equal chords of a circular arc on each of which the intensity and
phase is uniform. In this case the result takes the form:
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1
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In this equation the number of chords equals 2m+1, the radius of
the arc is R and 8 is the angle subtended by any of the chords at the
center of the circumscribing circle, d equals the length of one of the
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Frc. 9. Thearetical Radiation Distribution Characteristics Combination
of Line Sources (Special Case at I75 cycles).

chords. We have plotted this result for a special case where K =10 ft.,
d=15", 8 =T3°, at frequencies of 175 cycles, 350 cycles, 700 cycles and
1400 cycles in Figs. 9,10, 11, 12,

For purposes of comparison we have plotted on the same sheets the
characteristics which would be obtained if the chords were arranged so
as to form a straight line.

These curves show that at low frequencies the characteristics are
substantially the same. At higher frequencies, however, the character-
istic of the circular arrangement of lines becomes broader and flatter
than that of the corresponding line source, in fact, it shows a tendency
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to radiate uniformly throughout an angle equal to that defined by the
centers of the two extreme line sources.

At low frequencies the distance that the arc is displaced from a
straight line is negligible in comparison with the wave length. As the
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F1c. 10. Theoretical Radiation Characleristics of Combination
of Line Sources. (Special Case at 350 cycles.)
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frequency is raised and the wave length shortens, this is no longer true.
At high enough frequencies an arc should radiate almost uniformly
into an angle determined by its bounding radii. By the same reasoning
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the series of chords will give a good approximation to the arc as long
as the greatest distance from the chord to the corresponding point on
the arc is small compared to the wave length of sound being radiated.
In the case chosen for illustration this distance is approximately ¢,
which is small compared to the wavelength at 1400 cycles, the highest
frequency for which a computation was made.
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F1c. 12, Theoretical Radiation Distribution Characleristics Combination
of Line Sources (S pecial Case at 1400 cycles).

6. Plane Surface Sources

In general, the sources which radiate sound are not lines or points,
but consist of a single surface or a number of surfaces.

We shall now show how many of the results which have been obtained
up to this time for points and lines may be used to determine the radia-
tion from surfaces by a consideration of the two following general ideas.

(1) A great many surface distributions are of the form f(v) =f; (x) f2 ()
where f (v) represents the distribution of intensity, and the phase
distribution is represented by F(v) =F,(x) +Fy(y). In this case it may
be shown that the directional characteristic is represented by:

1
f Si(x)dx f fa(y)dy |

Ra fl(x)eZTi((:nim:ﬂ.)—(Pl(,}f;,)}dx

f fg(y)e’"““"“ﬂm— (F,(w}fhlldy
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The integration being carried out over the entire surface. (See Appen-
dix Section C for theory). « is the angle which the line connecting
the point and source make with the plane normal to the x axis, and
B is the angle between the same line and the plane normal to the y axis.

It is seen that the radiation characteristic is equal to the product of
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F16. 13. Theorelical Radiation Distribution Characleristics of
1. Circular Line. Ra=1To(2)
2. Circular Surface. R,=27.(7) /7.
3. Straight Line of Length equal to Diameter

. sinZ wd
of above circle. R,= 7 where Z={ — |} sin o
A

the characteristics of two mutually perpendicular line sources with
intensity and phase distributions given respectively by:

fi{x) and Fi(x)

Foly) and Faly)

Tt is interesting to compare the results obtained by this formula for
a plain rectangular uniform surface distribution with that given in texts
on optics for diffraction through a rectangular opening. In Drude,
“Theory of Optics,” page 216, an actual photograph of this diffraction
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phenomenom is shown. It will be noted that in the directions parallel
to the sides of the opening (or source, in this case), the pattern consists
of a regular series of diminishing maxima between which the intensity
falls off to zero. The width of the diffraction fringes is greater in the
direction in which the source is narrower. In our problem the analogues
of the diffraction fringes are secondary maxima.

(2) Very often it is desirable to consider the directional characteris-
tics of a combination of identical line or surface sources linearly ar-
ranged and equally spaced. It can be shown that the directional
characteristic in this case or in the general case of a spatial distribution
in which the sources are held parallel to each other, is equal to the pro-
duct of the characteristic of a similar arrangement of point sources,
by the individual characteristic of each separate source.

Because of its interest for the approximate calculation of the direc-
tional characteristics of cone radiators, which are in common use, the
radiation from a plane circular surface source is given as developed by

Stenze]? 8
2rr |
27 1(——— sin a)
\

In this case R, = Where J; is
Qrr
—— sin

Bessel’s function of order 1, 7 is the radius of the circle, and « is the
angle between the line connecting the point and the source and the
normal to the plane of the circle.

This function is plotted in Fig. 13, where it is compared with the
characteristic of a line of equal length and a circular ring of equal dia-
meter. The characteristic is somewhat broader than that of the uniform
line source of length equal to the diameter of the circle, but has about
the same form.

ExPERMENTAL RESULTS

Experimental characteristics will be shown of a number of sound
radiators which approximate some of the ideal radiators which have
been described.

In obtaining the experimental distribution characteristics the fol-
lowing procedure was followed and precautions taken:

(1) The sound source and sound measuring system, consisting of a
condenser microphone with an associated amplifier were set up out of
doors at a distance from all buildings. This was necessary in order that
troublesome reflections might be eliminated.
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(2) The condenser microphone was placed at such a distance from
the sound source that the lines joining it to all points of the sound source
were substantially parallel.

(3) The condenser microphone was always placed relative to the
sound source and ground so that as the condenser microphone was
moved around the source, the reflection effects due to the ground re-
mained unchanged.

(4) Frequency characteristics were obtained at various points around
the source. The actual radiation characteristics were determined from
these curves. The maxima and minima of the radiation characteristics
were obtained by interpolation on the frequency characteristics where
necessary.
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Fic. 14. Experimental Radiation Distribution Characteristic of a 12° Cone in Infinite Baffle.

1. Radiation Characteristic of Single 12" Cone

The radiation characteristic of a single 12” cone set in an infinite
baffle was obtained by mounting the cone in a closed box and setting
the box into the ground with the cone pointing upward so that the top

of the box and the face of cone were flush with the surface of the ground.
The actual results obtained are shown in Fn:r 14, Some verv interest-
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ing conclusions may be drawn from a study of these curves.

Below about 700 cycles the cone behaves almost like a point source,
radiating uniformly in all directions. Above this frequency, the cone
radiates more or less in a beam. The sharpness of the beam increases
until about 2000 cycles, above which point, the beam remains fairly
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uniform. This indicates that above 2000 cycles the effective size of the
radiating surface becomes smaller or that the cone is no longer radiating
as a plane diaphragm.

If we assume that the cone radiates in about the same way as a cir-
cular diaphragm, see Fig. 13, we can calculate in a very rough way what
portion of the cone is effectively radiating at all frequencies.

From Fig. 13 for the characteristic of a circular diaphragm we see that

2rr
2J. (— sin a)
A

R, = =0
2rr
—sin a
A

27r
—sina = 3.85
A

for the first time when

In Fig. (14) we have extended the experimental characteristics to
meet the axis (dotted lines). We assume that the radiation actually
present at greater angles is due to secondary maxima and to the fact
that the cone does not exactly simulate a diaphragm.

Thus, to calculate the effective diameter of the diaphragm which can
be substituted for the cone at 2000 cycles, we note that at 2000 cycles
the characteristic (extended) falls off to zero for o =45°.

Therefore:

2mr
—sina = 3.85

2mrr
= cos 45
1100
2000
407y
= = 707
T

solving for D =2r, we obtain
D =11.5 inches

Thus, at this frequency practically the entire surface of the cone is
radiating.
Proceeding in the same way, we obtain:
at 1500 cycles D=12"
at 3500 7 D=7.7"
at 4000 " D=17.5"
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Thus, as the frequency is raised the effective radiating surface be-
comes smaller. This does not necessarily mean that only a portion of
the surface is vibrating, but perhaps that piston-like motion is no longer
taking place, the motion being of such a character as to approximate a
piston-like motion of a smaller diameter diaphragm.

This radiator approximates the loud speakers which are ordinarily
used in home radio sets with the exception of its size and the fact that

30" 0 20°
N\ s NS VRN
100 200V gp-200% 100
GO. e J@o®

of | (XN -

W0

oo 2 o 2o}
4 \/ V
Back Clased

F16. 15. Experimental Radiation Distribution Characteristics of 5 Cone
Combination in Line of Cones.

it is placed in an infinite baffle. As is eviden m th
radiation from a circular diaphragm the effect of reducmg the size to
that more normally used, will be to postpone the directional radiation

i 1 1Man sy I Sy G - v
to a higher frequency. Thc eftect of placing the loud speaker in a finite

bafile rather than in an infinite baffle will be to increase the directional
efiects somewhat at the lower frequencies, and to cause an additional
number of secondary maxima which were not present in the ideal case.
This will be illustrated in one of the later experimental characteristics
on a slightly different form of radiator. If the desirable characteristic for
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a home loud speaker is that it should radiate uniformly at all frequen-
cies, it is evident that this loud speaker is defective in radiating too

|

Fr6. 16. Experimental Radiation Distribution Characterisiics
of 5 Cone Combination in Line of Cones.

3t g 1

Frc. 17. Experimental Radiation Distribution Characleristics
of 5 Cone Combination in Line of Cones.

much in the form of a beam at the higher frequencies. A method for
breaking up this beam is shown in Fig 19.
A number of cones in a straight line and in contact approximate a
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continuous line source. As has been shown theoretically, the directional
characteristic of a continuous line source contains secondary maxima
of gradually decreasing intensity. On the other hand, the directional
characteristic of a system of points along a line contains secondary
maxima which can be as large as the primary central maximum. In
order to show the extent to which a rather small separation of the cones
can make the source behave like a linear arrangement of point sources,

=

F16.18. Experimental Radiation Distribution Characleristics
of 5 Cone Combination Across Line of Cones.
rather than like a continuous source, we are showing the characteristic
of an experimental arrangement in which the cones are spaced apart by
a distance equal to their diameters. Five cones were chosen which were
arranged in a slightly unsymmetrical fashion which did not, however,
affect the character of the phenomena greatly. In order to eliminate
interference effects from the rear the back was closed off and partially
filled with felt. The experimental characteristic in a plane passing
through the line of cones is shown in Figs. 15. 16, and 17. These curves
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'w-??“ o‘
Ve
1. )

BRCK CLOSED

F16. 19. Experimental Radiation Distribution Characteristics of 5 Cone Combination Across
Line of Cones. Small Reflectors Attached.

30" 0

Fic. 20. Experimental Radiation Distribution Characterisiic of 6 Cone Combination
Across Line of Cones. (Skort Flaring Baffle.)
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may be compared with those of Figs. 1,2, 3 and 4 for the characteristics
of a linear arrangement of point sources whose distance apart is equal
to the distance between the centers of the cones.

The characteristic in a plane perpendicular to the line of cones for
the same arrangement is shown in Fig. 18. The fact that these do not
agree exactly with the characteristics previously described for a single

50° 2

/

=

i5a- 1BoY

Fro. 21. Experimetal Radiation Distribution Characteristics of 6 Cone
Combination Across Line of Cones. (Short Flaring Baffle.)

cone is explainable on the basis of (1) the characteristic of the radiation

from a line of cones across the line is theoretically not the same as that
Of ﬁ QH’]D']P coneg (9\ T}'IP rﬂ(‘hﬂhnn 'FY‘(\T'I'\ f]"lFl }'\"J{‘lfl'_‘ At tha ranmng raac ot

alllple vOllo L iSftiaulin AV L valas O Wi CONesS was 1ot

completely shut-off. This would permit some radiation to escape from
the rear, the effect of the rear radiation being to sharpen the charac-
teristic at low frequencies, as will be shown later for an arrangement
in which the rear is completely open.

At frequencies above 1,000 cycles, the beam becomes too sharp. Fig.
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19 shows the effect of placing small reflectors in front of the cones. In
the curves shown, the angle between these deflectors is somewhat too
great, causing the radiation incident upon the deflectors to be deflected
through too sharp an angle

The effect of allowing the rear radiation to escape is shown in the next
series of curves. The directional characteristic of an arrangement,

Frc. 22. Radiation Distribution Characleristics of 6 Cone Combination
Across Line of Cones. (Short Flaring Baffle.)

consisting of six 8 inch cones in contact with a short flaring baffle on the
front side, is shown in Figs. 20, 21 and 22. These curves show very well
the effect of allowing sound radiation to escape from the rear of the
combination. It will be noted that there is always a minimum in the
neighborhood of 70° to 80°. This minimum is due to the interference of
the out of phase sound waves, from the front and rear. If the combina-
tion had been symmetrical, this minmium would have occurred at 90.°
Due to the shape of the baffle, however, the path length from the front
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to the 90° point is somewhat longer that that from the rear, so that the
region of destructive interference is shifted forward slightly so as to
make the minimum occur at the position shown. The somewhat higher
intensity in front and the number of peaks shown in the directional
characteristics to the rear, which do not similarly show up to the front,
is also due to this dissymmetry. Due to the loading action of the baffle
to the front side and due to the interfering effect of the loud speaker
field coil magnet, the radiation to the front side is greater than that to

54"

DR

Frc. 23. Experimental Radiation Disivibution Characleristics of Directional
Baffle S peaker Across Long Axis of Moulk.

the rear. The sound from the front is attenuated by the time it reaches
the rear and is almost of the same intensity as that coming from the
rear of the loud speaker, thus leading to severe interference peaks. On
the other hand, the sound coming from the front is little affected by the
attenuated sound from the rear, which was already weaker when it
started. If the rear radiation had been closed off, the directional charac-
teristics would not have been as sharp as that shown on the front side.
On the other hand, the radiation to the rear would have been much
smaller. Whether this type of radiation characteristic is desirable or
not, will depend largely on the place where the loud speaker is to be
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used. If it is to be used where good radiation to the front is required
with small radiation to the sides, and where a certain amount of radi-

Fic. 24, Experimental Radiation Distribution Characleristics
of Directional Baffle Speaker Across Long Axis of Mouth.

F16.25. Experimental Rodiation Distribution Characleristics
of Directional Baffle S peaker Acrass Short Axis of Mouth.

ation to the rear may be neglected, the characteristic shown is quite
satisfactory.

The increased directional response which can be obtained by making
a radiating surface effectively larger is shown in Figs. 23, 24, 25 for an
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8" cone with a directional baffle. A comparison of these characteristics
with those for the larger 12" cone, shows to what extent the directional
effects have been increased. The characteristics across the short axis
are roughly those which would be obtained from a line radiator of length
somewhat shorter than the width of the mouth. The characteristic
across the long flaring axis is very interesting in that between 400 and
1,000 cycles, the characteristic is quite uniform. This is probably due
to the fact that at frequencies below 1,000 cycles the emerging sound is
in the form of a cylindrical wave, rather than that of a plane wave.
The characteristic of a source of this type is approximately the same as
that due to an arrangement of line sources on a circular arc (Fig. 9,
10, 11, 12). As found above, this type of source has a fairly uniform
frequency characteristic at all but very low frequencies. Measurements
of sound pressure made across the mouth of the loud speaker show a
definite falling off in intensity towards the edges. This explains the
lack of secondary maxima and the fact that the effective size is less than
the size of the mouth opening, as may be seen by a reference to Fig. 8,
which shows the directional characteristics for a source with distribu-
tion which decreases towards the edges.

The characteristic shown in the last curve is the most satisfactory
of those shown for theatre reproduction purposes, due to the fairly
sharp uniform directional characteristics and the lack of marked se-
condary maxima and minima.

APPENDIX
Section A—Combinations of Point Sources

We can write for the pressure at a point A due to a harmonic point
source of sound %

B r
P = — cos E?r(vt - ﬁ) (1)
Tk A 2
where
v =frequency

A =wavelength
Y, =distance between A and %
B, is proportional to intensity of radiation of point source %
¢« is the phase angle between the motion at 2 and a standard of phase.
The resultant pressure for # point sources vibrating at the same fre-
quency and arbitrarily positioned in space is given by:

. k=n k=n B r
P= )P = E—kcoah(w——k—ﬁ. (2)
k=1 k=1 Tk A 2
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P, can be represented by the projection of a rotating vector, rotating
with angular velocity 2m» upon a suitably chosen axis (see Fig. 26)

The eftective radiation from another point (2) at point A is repre-
sented by another vector (2) of the same period. The phase of vector
(2) may differ from that of (1) due to the fact that the distance of
source (1) from A is different from that of source (2) and also due to
the fact that there may be a difference in phase between the sources.
There will be a number of vectors #, corresponding to the number of
sources.

o

F1c. 26. Sound Pressure Due lo a System of Point Sewrces.

In order to add the vectors analytically it is simplest to express each
one as the sum of its projections on two mutually perpendicular axes.

- B r ¢
P, =-—tc0521r(m: _n __“)
Y A 27
Be | e ok
+ i— sin 27 (m' - —— —) (3)
ri A 2w
Br .
_ _____aﬂrltu-v{rh‘h}—{ﬁ,gﬁﬂ] (4)
where i =+/—1
- P}eﬂriﬂe—2ti({rk.’h]"l'{ﬁfir)j (5)
re ]
and
k=n
P = > P (6)
k=1
k=n &
= Z —pimi(rt—(ra/\)—(dr/2x)) (7)

k=1 Tk



230 JOURNAL OF THE ACOUSTICAL SOCIETY  [Ocr.,

We shall limit our interest to the directional characteristics of
radiators where the difference in distance from different parts of the
radiator to the listener is small compared to the distance from radiator
to listener. The expression above can then be put into the form

P = _1- 3 Bretriti=trkM—(4x12)) (7a)

r
where 7, is the distance from any one of the point sources to the listener.
The absolute value of this vector which is our main interest is then

given by:

1

=2
r

1 k=n 2 k=n 2
=—1/( > By cos 21!'(14 L. L ) +{ 2_Bgsin 2r (vt - jr——E)) 9

r k=1 AN 2w k=1 N 27w

It is evident that the maximum possible intensity at any point in
space will be produced if the vectors (see Fig. 26) representing the radia-

tion from the sources are all in phase. When this is so the absolute value
of P becomes

(8

f=—=n
ZBkeﬁri(vt—-(fiﬂ)-(&tﬂr})
k1

l b=n
| P| = — 3B (10)
T k=1

In determining the directional characteristics it is most convenient
to compare the intensity at any point with the maximum possible in-
tensity. (This maximum possible intensity does not necessarily exist
at some point in space). We shall, therefore, in the following problems
compute:

1 1 rl _
R, = e | P| -— 3" Bye?ritt—rN—(x/2m) (11)
E:l ZB‘E ZB; Res1
T kel Fos 1

The above theory will now be applied to a number of special cases.
Case (a) Combination of N Equally Spaced Linearly Arranged Point
Sources with Equal Intensity, and Moving in Phase.
In this case let

B, =B
re=r+(k—1)dsina (12)
¢ =0

choosing the phase angle of any source as zero phase.
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d is the distance between any two successive points, « is the angle
between the normal to the line of sources and line joining 4 with any
source (see Fig. 27).

At dF—d ] dHd-
Frc. 27. A number of equally spaced, linearly arranged point sources.
Then
1 ken
Ra = —— Z Bg&ri(vi— (rAY) g—2xi({k—1)d sin a)} /M | (13)
nB k=1
1 k=n
o E,ﬂﬁ(.:ﬂﬂ:«;1r2ﬁub—ud gina) A | (14)
n| k=

Each of the terms under the £ may be looked upon as a unit vector
whose relative phase is determined by e-2i((+-Dd1in @A 3 which rotates
with an angular velocity. 2rv

Therefore, the absolute value of R, will be given by:

k=n
R, = i Ze-:-iupm gin &) I (15)
4 k=1
or .
1 =n k — 1)d sin k — 1)d sin
Ry =— E [cus(er( )i a) — ¢sin (er( ) a):” (16)
¥ Krama Y A

This may be represented vectorially as 1/# times the sum of # unit
vectors inclined to each other by an angle 27 [(A—1)d sin a]/\

F1c. 28, Sound pressure due lo a number of equally spaced, linearly arranged point sources.
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These vectors are represented in Fig. 28 by Ag, Ay, A1 Ao,. . . Aasd,
for values of % from 1 to #.

Let OA,=04,=04,=.... =04,=P be the radius of the cir-
cumscribed circle.
Then
d sin o
(Agd,)?2 = 2P? — 2P% cos (ZmaT—) (17)
nd sin o
= ZP?[I — cos 27\'( N ) (18)
Now
d sin «
(ArAgsr)? = 1 = 2P 4 2P2 cos (2-:: N ) (19)
1
2P =
2wd sin e
1 — cos
nd sin o
1 — cos 2w Y
(AoAn)z = . (20}
d sin «

nd sin o nwd sin «
1 — cos2nw sin ———
AqA A A (21)
" d sin « B 7d sin «
1 — cos2mr sin ——4:\

. (m'ni sin o:)
sin| ————— .
A sin nZ

R, = - =— (22)
. (md sin & nsin Z
7 sin
A
wd sin «
Z = = (23)

Case (b) Combination of N Equally Spaced Linearly Arranged Sources,
Intensities Equal, Uniform Phase Shift Along Array.

For this case
B;; = R

e =r+ (B — 1)dsina (25)
o = (k& — 1)¢



1930] IRVING WOLFF AND LOUIS MALTER 233

where the phase of the right hand source is taken as zero phase and

¢ is the phase shift between each source.
In this case

1| k=n kE— 1)dsi E—1
R, = — Z-—[cas 2w (( ) sin o -+ ( )¢)
2 B A 2T
k— 1)dsi E—1
— isin 21:'(( Ja sin o + ( )¢):|| (26)
A 27
and by analogy with the result obtained in case (a) we have
. dsina ¢Y\]
. <in [mr( N + ) on
“ [ (dsina+ ¢)‘
" —
sin | 7 N )
sin [u (z + i)] ,
2 sin nZ’
= p— - (28)
¢ nsin 2’
1 sin (Z + "5')
where:
wd
Z = T sin o (29)
and 9.
Z'=7+ 2.

In the case in which the sources are all in phase, a maximum always
occurs in the direction perpendicular to the line of sources, since

for
a=0°
sina = 0
and
nwd
sin (— sin 0“)
A

—1 (30)

wd
2 sin (—— sin 0“)
X

In the case of a phase shift, a maximum will appear when

Z'=0
That is, when

™ inat+ 220
— sin — =
AT
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A
a=sin—1(— ¢ )
2md

If v denotes the angle of maximum radiation

or

(31)

sin [mri(sin a — sin 'r)]
A
Ry = y (32)
# sin [‘n’r(sin a — sin 7}]

For polar diagrams of radiation characteristics of 2 and 16 linearly
arranged point sources plotted for various values of b and ¢, see refer-
ence (1).

Section B—Line Sources—Straight and Curved and Combinations
Thereof

If the source is continuous, the summation in the case of a combina-
tion of discrete sources is replaced by an integration process. The inte-
gration is carried out with respect to an element of length or area
depending upon whether the source is linear or a surface.

The expression representing the radiation characteristic from a line
source obtained directly as a limiting case from equation 11 is:

R | ff(ﬂ)ezti(rt—{nfk}—(F(nH‘erd; (3_]_).

1
“ ff('v)cﬂ

Here again it is useful to express the intensity at any point in terms
of the maximum possible intensity.
f(v) is a function representing the distribution of intensity along the
line source.
F(v) is a function representing the distribution of phase along the
line source.
Case (a) Straight Line Source Uniform Inlensity—All Points in
Phase
For this case
fo) =B
F(v) =0

o =r — xsin a (See Fig. 29)
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The value of R, is given by:

1 +1/2
Ra — f BGQri(vt—(r/X))e—2ri(x sina,’))dx (36)
Bl J_ s
The absolute value of the term on the right is given by:
1 +112
Ra — f elrizsina/Ng (37)
U VTP
. (rl )
sin | — sin «
A sin Z (38)
m o -z
— sin «
A
N )y

’

4_1_.|

F16. 29. Straight line source.

nlke
rlke

This result could have been obtained from that of a linear arrange-
ment of point sources. For that case we obtained (see eq. 22)

. [nmd
sin [ — sin «
A
. 1rd )

7 sin| — sin o
A

If we permit » to approach infinity and d to approach zero in such
a way that

nd =1

we approach the line source as a limiting case. Doing this in the above

equation we obtain:
(T
Slﬂ(— SII ¥ )
A

ml
— sin &

a

which agrees with eq. (38)
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Case (b) Straight Line Source
Uniform Intensity—Progressive Phase Shift

For the corresponding case for a linear combination of point sources
we obtained (See eq. 32):

d
sin [mr;(sin a — sin ‘y)]
R, = d {39)
7 5in [w:(sin a — sin 'y)—l

where v represents the angle of maximum radiation.

If we permit # d to approach ! (the length of the line source) as
n—o and d—0, we obtain:

wl
sin [-;(sin a — sin 1’)]

R, = — - (39)
:rri( . in )
—(sin @ — sin
A * v

This can also be expressed as:

sin [—:r!(sm 2 + i):l
L A 2

R, = : (40)
Sl ¢ ]
(24 2)
A 2w

where ¢ is the phase shift per unit length along the source, expressed
in radians.

Case (c) Straight Line Source.
Non-Uniform Intensity—All Points in Phase

A particular study has been made of line radiators with distributions
of intensity along the source which are symmetrical about the center.
One of these will now be taken up in detail.

Exponential Distribution with Maximum or Minimum at Center

Phase Uniform
Because of the particular interest of this case and in order to show

how the general theory is applied to a special case we shall work thru
this case in all its details.
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Let f(v) = e-™* between x = 0 and x =

* (41)
Let f(v) = e™= between x = Qand x = —

Let F(z) = 0 r,=y—2xsin o

The sign of m determines whether the intensity at the center is a
maximum or minimum and the magnitude of m determines the rate of
decay or increase of intensity along the radiator as we leave the center.

Then from equations (34) and (41) we obtain:

1 )
R, — f g mzgritui—(riN) g=2rilr, ) J oy
0

e midy

1]
1 u (42)
.|_ ___u__| f emre‘zri(u-{r.rhl)g—-‘zﬁ(rba'h)dx

if2
f emzdy
—12

The absolute value of the expression on the right hand side of eq.
(42) is given by:

1 12
Rﬁ = f ﬂ—m#g—ﬂriffu}«)ﬁ]dx
12 9
f & mrgy
1]
o &
_I_ f gm:g-—iniruﬂd'x
—i2
Now:
12 1
0 i
a 1
f emrdy = —(1 — e~1™i?) (45)
—if2 m
Therefore:

m U2 2 2 T

R, = —— { f r“”[cus(*x SIT a) — ¢sin| —x sin a ) |dx
(1= etmm| g ) 1\ )
m 0 2T 2\

+ — { f e‘“[cos —zxsina ) — isin{ —x sin « ) ldx

(46)
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Now:
az + psin px
fe"”cos prdx = ¢t<(g cos px + psin p2)
¢+ (a7)
. e?*(g sin px — P cos px)
f &% sin prdx = .
qz + P&
Making use of eq. (47) and substituting
Im o
w=— and Z = —sina
2 A
Equation (46) reduces to
R — ) [e—“'(Z sinZ — wcos Z) + w] (48)
1 — e W + 22

w is a measure of the rate of change of intensity along the source.
Substitution in Equation (48) for the limiting case in which w ap-
proaches « yields

Re = 1.

This is as it should be since a source for which @ = % is a point source
which radiates uniformly in all directions.

In the case wherein w =0 (the case of a uniform line source) substitu-
tion in equation (48) yields:

sin Z
Tz
This is in agreement with equation (38).
In the case where w= — o (the case of two point sources located at
the end of a line), substitution in equation (48) yields:
R. = cos Z.

This is the result obtained when we substitute » =2 in equation (22).

Section C—Surface Sources

The radiation characteristic due to a surface is given by:

1
Ra - _.____...|ff(ﬂ)eiﬂ‘(rl—(rgﬂ}—(]’(w)ﬂ!r”ds (4{))
| ssras
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The notation is the same as above. The integration is carried out over
the entire surface.

Case (a) Plane Surface Sources

Frc. 30. Plane surface sonrce.

Let the XV plane be coplanar with the plane source
Let u =direction angle of 04 with X axis

p= 1 {1 [11 [ |11 Y 14
Let the coordinates of point p be given by x,,
1, = r — OV cos (X AOV) (50)
now
o7 = Vi 5

cos (L AOV) = cos u cos (X VOX) + cos p cos (X VOV) (51)

since the cosine of the angle between any two intersecting lines in
space is equal to the sum of the products of their respective direction
cosines.

Now

X
s VOX) = ——
cos (X ) P ]
(52)
Y
cos (X VOY) = \/——m
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OP cos (& AQV) = NIRRT l:\ﬁz_x?yzcos,u—}— ?c%y? COS p] (53)

= xcospu + ycosp
and
t, =1 — (% cos u + ycos p) (54)

If « and 3 are the angles which O A makes with the ¥ Z and X Z planes
respectively

7o = r — (xsin o + ysin B)
For a plane surface source Eq. (49) becomes:

1
R, =

rf(v)ds
J

f(v)e”“”‘“’”“x sin ety sin 8 [A—(F (v)) /21)dS | (55)

The absolute value of ths expression is given by:

R ’ ff(.u)ehri((z sin a+y sin ﬂ)/)\—(F(v))/Qr)dSl (56)

1
a [ s3as

If f (v) and F (v) are of such a form that:
J@) = fi(x)fo()

(57)
F(v) = F1(x) + Fa(y)
then
1
Ry =
[ [ n@ncazas
| r r ’ i
IJ Jfl(x)fQ(y)BZW(i:csina)l)\eh'i(ysinﬁ)l)e—iFl(:)e—in(y)dydx (58)

1
ffl(x)dx ffz(y)dy

lffl(x)e2fri((zsina)/)\-(F,_(:r))Mr)dx ff2(y)e2ri((y sinﬂ)/)\—(F,(y))mfrdy‘ (59)
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This is the most general expression for the radiation characteristic
of a plane surface source for which

f() = f1i(x)fo(y)
and  F(1) = Fi(x) + Fa(y).

Eq. (58) shows that the radiation distribution characteristic of a
surface source with an intensity and phase distribution defined by eq.
(57) is equal to the product of the radiation characteristics of two mu-
tually perpendicular line sources along each of which the intensity and
phase distributions are respectively given by:

fi(x) and F,(x)
fo(y) and I'5(y).
Case (b) Rectangular Source—Uniform Phase and Intensity

(57)

This is really a special case of case (a) just described. From the above
conditions

( a a
f(v):f(xlyl):B }fromx=—?t0x:_|_?
Flo) =F =0 b b

(v) (x1y.) y = —?to v = +_2“

f @) =f (21, y1) may be put in the form f| (x) f; (y), where f; (x) =B/g
fa (y) =g¢B, where g is any constant, and F () =F (x;, v) into Fy (x)
+F, (v) where Fy(x) =0, F, (v} =0.

Using the theorem which has just been proved in eq. (59), the direc-
tional characteristics of the plane rectangular source with uniform
intensity and phase should be equal to the product of the characteristics
of two line sources at right angles to each other and on each of which
the intensity and phase is uniform.

Making use of the result for the linear source which was developed in

eq. (38)

sin Z sin @

a =
Z w
where

Ta
Z = —slna

Th
w = — sin B.

This solution is identical with that for the diffraction of light thru a
rectangular aperture when the source and screen are at comparatively
large distances from the aperture.



