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This chapter presents two important DSP techniques, the overlap-add method, and FFT convolu-
tion. The overlap-add method is used to break long signals into smaller segments for easier proc-
essing. FFT convolution uses the overlap-add method together with the Fast Fourier Transform,
allowing signals to be convolved by multiplying their frequency spectra. For filter kernels longer
than about 64 points, FFT convolution is faster than standard convolution, while producing ex-
actly the same result.

Ora riaBa npejacrapiseT ABa BaxHbX Metona LIOC, overlap-add method (nepexpvimue - 0o6as-
JIeHHbIL Memo0), u ceepmiky BIID. nepexpvimue - 00basienHbIli MemoO UCTIOIb3YETCs, YTOOBI
pa3OUTh JJIMHHBIC CUTHAIIBI HA MEHBIIINE CETMEHTHI, JIIs oOserdenus: oopadotku. CBeprka BI1D
UCTIONIB3YET TEePEeKpPhITHE - T00aBIEHHBIH MeTOI BMecTe ¢ beicTpeiM mpeoOpazoBanueMm Dypbe,
MIO3BOJISISI CUTHAJIaM OBITh CBEPHYTHIM, YMHOXasi(MYJIbTUIUTHIUPYS) UX YACTOTHBIC CIEKTPHI.
Jns sipep GunbTpa ATUHOHN, MpHOIM3UTENBHO, OoJiee yeMm 64 Touku, cBepTtka BIID OpicTpee, yem
CTaHJapTHAs CBEPTKA, IPU TMOJTYYCHUH TOYHO TAKOTO ke Pe3ysIbTara.

The Overlap-Add Method
IlepexpsbiTHe - n00aBAeHHBI MeTox

There are many DSP applications where a long signal must be filtered in segments. For instance,
high fidelity digital audio requires a data rate of about 5 Mbytes/min, while digital video requires
about 500 Mbytes/min. With data rates this high, it is common for computers to have insufficient
memory to simultaneously hold the entire signal to be processed. There are also systems that
process segment-by-segment because they operate in real time. For example, telephone signals
cannot be delayed by more than a few hundred milliseconds, limiting the amount of data that are
available for processing at any one instant. In still other applications, the processing may require
that the signal be segmented. An example is FFT convolution, the main topic of this chapter.

Nmeercss muoro mpwioxenuit [{OC, rae AauHHBIN CUTHAJI OJDKEH OBITh (DMIBTPOBAHHBIM B
cerMeHThl. Hampumep, BhICOKas TOYHOCTh MU(PPOBOTO 3BYKOBOCTIPOM3BEICHUS TPeOyeT CKOPO-
CTH TepeavyM JaHHBIX MPUOIU3UTETbHO 5 MerabaiiToB B MUHYTY, B TO BpeMs Kak Lu(poBoe
Buneo Tpedyer npubnuzurenbHo 500 MerabaiitoB B MuHyTy. C 3TUMHU BBICOKHMH CKOPOCTSIMU
nepeayu TaHHBIX, 3TO OOBIYHO ISl KOMITBIOTEPOB, YTOOBI UMETh HEAOCTATOYHO MaMATH, YTOOBI
OJIHOBPEMEHHO CUMTATh IMOJIHBIN 00padaThiBaeMblii CUTHA. MIMEIOTCS TaKKe CHCTEMBI, KOTOPhIE
obOpabaTeiBatoT" cerMeHT 3a cermeHToM" ('segment-by-segment ") moTomMy 4TO OHU pabOTAIOT B
peanviom eépemenu. Hanpumep, TeneQOHHBIE CUTHAIBI HE MOTYT OBITh OTCPOUYEHBI OOJIBIIIE YeM
Ha HECKOJIbKO COTeH MWJIJIMCEKYH/]I, OTPAaHMYMBasi KOJUYECTBO JaHHBIX, KOTOPbIE SBJISIOTCS JOC-
TYNHBIMHU U1 00paboTkH B 11000 MOMeHT. TeM He MeHee, B IpyTuxX NPUIIOKEHUsX, 00padoTka
MOXET TpeOoBaTh, YTOOBI CUTHAII ObUT cerMeHTHpoBaH. [Ipumep - cBepTka BIID, ocHOBHas TeMa
ATOM TJIABBI.

The overlap-add method is based on the fundamental technique in DSP: (1) decompose the sig-
nal into simple components, (2) process each of the components in some useful way, and (3) re-
combine the processed components into the final signal. Figure 18-1 shows an example of how
this is done for the overlap-add method. Figure (a) is the signal to be filtered, while (b) shows the
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filter kernel to be used, a windowed-sinc low-pass filter. Jumping to the bottom of the figure, (i)
shows the filtered signal, a smoothed version of (a). The key to this method is how the /engths of
these signals are affected by the convolution. When an N sample signal is convolved with an M
sample filter kernel, the output signal is N+M-1 samples long. For instance, the input signal, (a),
is 300 samples (running from 0 to 299), the filter kernel, (b), is 101 samples (running from 0 to
100), and the output signal, (i), is 400 samples (running from 0 to 399).

[TepexpriTe - 100aBIEHHBIN METOJ] OCHOBaH Ha ¢yHmameHTanbHol MeTonuke B LIOC: (1) pac-
YICHSIOT CUTHAJI HA MPOCThIE KOMIIOHEHTHI, (2) 00pabaThIBalOT KaX/Iblii 13 KOMIIOHEHTOB HEKO-
TOPBIM TOJIE3HBIM CITOCO00M, U (3) peKOMOMHUPYIOT(BOCCOSTUHSIOT) 00pabOTaHHBIE KOMIIOHEH-
Thl B KOHEUHBIN(3aKIIOUNTENbHBIN) curHal. PucyHok 18-1 mokassiBaeT mpuMep TOTO, KaK 3TO
CICIIaHO IS TIEPEKPBITHS - M00aBJICHHOrO0 MeToja. PUCYHOK (a) - curHam, KOTOpBIA Oyner
¢uibTpoBaH, B TO BpeMs Kak (b) mokasbIBaeT sapo (puiabTpa, KOTOpOE HY)KHO HCIOIB30BaTh, B
windowed-sinc ¢punbTpe HIKHUX 4acToT. [lepenprirueM K OCHOBaHHUIO(HMKHEN YacTH) PHUCYH-
Ka, (1) moka3piBaeT (GUIHTPOBAHHBINA CUTHAN, MPUTIIAKECHHYIO Bepculo (a). Kimou k aToMy merony
- TO, KaKk Ha JUIMHBI 3TUX CUTHAJIOB BO3JeHCTBYeT cBepTka. Korna curnan BeIOOpKU N CBEPHYT C
M BBIOOpKOIA sipa GmibTpa, curHai Beixoga — N+M-1 Beibopok mummHHON. Hanmpumep, BXoqHOM
curHai, (a), ssisiercs 300 BeiOopkamu (BbimosiHeHHBIMU OT 0 110 299), ssapom duieTpa, (b), - 101
BBIOOPKU (BhIMOHEHHOH OT 0 10 100), 1 curnan Bexoxa, (i), - 400 BEIOOPOK (BBIIOJIHEHHBIE OT
0 mo 399).

In other words, when an N sample signal is filtered, it will be expanded by M-1 points to the
right. (This is assuming that the filter kernel runs from index 0 to M. If negative indexes are used
in the filter kernel, the expansion will also be to the leff). In (a), zeros have been added to the
signal between sample 300 and 399 to illustrate where this expansion will occur. Don't be con-
fused by the small values at the ends of the output signal, (i). This is simply a result of the win-
dowed-sinc filter kernel having small values near its ends. All 400 samples in (i) are nonzero,
even though some of them are too small to be seen in the graph.

Jpyrumu cioBaMu, KOTJia CUTHaJ BBIOOPKH N GUIBTPOBaH, 3TO OyAeT pacwupero M-1 Touek
Hanpaso (ITo TpenrnonaraeT, 4yTo sapo Gunsrpa BeinoaHsercs ot 0 1o M. Ecnu otpunarenbHbie
WHJIEKCHI UCTIONB3YIOTCS B sifipe GUIbTpa, paciiupeHue OyaeT Takke Harego). B (a), Hynu Obun
no6aBiieHbl K curHairy Mexxay Bbioopkoit 300 u 399, uToObl HILTIOCTPUPOBATH, I/I€ 3TO PaCIIMpe-
HUe mpousoiiner. He mepemyTaiite ¢ MajJeHbKHMMH 3HAUCHHMSIMH B KOHIIC CHTHaJIa BbIxona, (i).
310 - IpocTo pe3ynbrar siapa windowed-sinc GuIbTpa, UMEIOIIETO MaJCHbKUE 3HAUCHUST OKOJIO
ero koH1oB. Bce 400 BBIOOpOK B (1) OTIMYHBIC OT HYJIS, AXKe MPU TOM, YTO HEKOTOPHIE U3 HHUX
CJIMIITKOM MaJIeHbKHE, YTOOBI OBITh 3aMEUCHHBIMH B TUarpaMmme(rpaduke).

Figures (c), (d) and (e) show the decomposition used in the overlap-add method. The signal is
broken into segments, with each segment having 100 samples from the original signal. In addi-
tion, 100 zeros are added to the right of each segment. In the next step, each segment is individu-
ally filtered by convolving it with the filter kernel. This produces the output segments shown in
(), (g), and (h). Since each input segment is 100 samples long, and the filter kernel is 101 sam-
ples long, each output segment will be 200 samples long. The important point to understand is
that the 100 zeros were added to each input segment to allow for the expansion during the convo-
lution.

Pucynku (c), (d) u (e) moka3sIBarOT IEKOMIIO3HUIUIO, HCTIOIB3YEMYIO B MIEPEKPHITHH - TOOABIICH-
HOM MeTojie. CUTHAN pa3uT Ha CETMEHTHI, ¢ KaXKIbIM cerMeHToM, uMmeromuM 100 BEIOOpPOK OT
nepBOHAYIBHOTO curHajna. B monomuenue, 100 HyIei 1006aBiIeHO HAIPaBO OT KaXJA0TO CETMEH-
Ta. B crnemyromeM miare, Kakaplii cerMEHT (UIBTPOBAH WHIAMBUAYAIbHO, CBEPTHIBAasl 3TO C
AIpOM QHIIBTPa. DTO IPOU3BOIUT CETMEHTHI BBIX0/1a, Toka3aHHbIe B (f), (g), u (h). Tak kak kax-
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IbIiA BXOJIHOM cerMeHT - 100 BbIOOpOK IIHMHHOM, U sinpo GubTpa - 101 BeIOOpKA IIHHHOHN, KaXk-
Il cerMeHT Bhixoaa Oyaer 200 BHIOOPOK JIMHHOW. BaskHBIN MyHKT, 4TOOBI MOHATH - TO, YTO
100 Hyneit 6puTH 100aBIIEHBI K KOXKIOMY BXOJHOMY CETMEHTY, YTOOBI Y4ECTh PACIINpPEHUE B Te-
YEHUHU CBEPTKH.

Notice that the expansion results in the output segments overlapping each other. These overlap-
ping output segments are added to give the output signal, (i). For instance, samples 200 to 299 in
(1) are found by adding the corresponding samples in (g) and (h). The overlap-add method pro-
duces exactly the same output signal as direct convolution. The disadvantage is a much greater
program complexity to keep track of the overlapping samples.

OOparure BHUMAaHHE, YTO PACIIUPEHUE NMPUBOJUT K CETMEHTaM BBIXOJA, HAKIAOLIEAIOWUMCS
JpyT Ha Jpyra. OTH CETMEHTHI MEPEKPhIBAaHUS BBIXOAA 100ABJIECHBI, YTOOBI JaTh CUTHAJ BBIXO/A,
(1). Hanpumep, BeiOopku ot 200 1o 299 B (1), HaWaeHbI, MPUOABIISIS COOTBETCTBYIONIUE BHIOOP-
ku B (g) u (h). IlepekpriTue - 100aBICHHBI METOJ MPOU3BOIUT TOYHO TOT K€ CaMblil CHTHAI
BBIXOJa Kak npsimas cBeptka. Hegocratok - HaMHOro 0oJibliasi CI0KHOCTh MPOrPaMMbl, YTOOBI
CJICZIUTD 32 HAKJIAJBIBAIOIIIMMUCS BBIOOPKAMH.

FFT Convolution
Ceeprka BII®

FFT convolution uses the principle that multiplication in the frequency domain corresponds to
convolution in the time domain. The input signal is transformed into the frequency domain using
the DFT, multiplied by the frequency response of the filter, and then transformed back into the
time domain using the Inverse DFT. This basic technique was known since the days of Fourier;
however, no one really cared. This is because the time required to calculate the DFT was longer
than the time to directly calculate the convolution. This changed in 1965 with the development
of the Fast Fourier Transform (FFT). By using the FFT algorithm to calculate the DFT, convolu-
tion via the frequency domain can be faster than directly convolving the time domain signals.
The final result is the same; only the number of calculations has been changed by a more effi-
cient algorithm. For this reason, FFT convolution is also called high-speed convolution.

Creptka BII® ucnonb3yeT TOT NPUHIHUIL, YTO YMHOMNCEHUE B HACTOTHOM JOMEHE COOTBETCTBYET
CBEpTKE B JIOMEHE BpeMeHU. BXOqHON curHan mpeoOpa3oBaH B YaCTOTHBIM JIOMEH, UCIONb3Ys
JI1®D, yMHOKEHHBIA YaCTOTHOM XapaKTepUCTUKOW (UIIBTPA, M 3aT€M MpeoOpa3oBaH Ha3aa B J0-
MeH BpeMmeHH, ucnonb3ys Ooparaeriit J{I1D. Dta ocHOBHAsI MeTOMKA OblJIa U3BECTHA, HAUMHAS C
naeir Dypbe; 0HAKO, HUKTO 3TUM JCUCTBUTEIBHO HE 03a00THIICS. DTO MOTOMY, YTO BpeMs,
TpeOyemoe st Beruucienus [[1®P, 6bu10 gombiie, 4eM BpeMsi, 4TOObI HETIOCPEICTBEHHO BBIYHUC-
JUTH CBEPTKY. ITO U3MEHWIOCh B 1965 ¢ pazButuem brictporo mpeobdpazoBanus Oypoe (BI1D).
Ucnons3ys anroputm BII®, yto6s! Beruncauts JAI1D, cBepTKa uepe3 4acTOTHBIA TOMEH MOXKET
ObITH ObICTpEE, YEM HEMOCPECTBEHHO CBEPTKA CUTHAJIOB JOMEHA BpeMeHH. KoHeuHbIil pe3yiib-
TaT - TOT K€ CaMblif; TOJBKO YHCIIO BBIUMCICHHHA OBUIO M3MEHEHO Ooiee 3(P(EKTUBHBIM alro-
putmom. I1o 3toit npuunne, cBepTKa bIID Takke Ha3bIBAETCS BHICOKOCKOPOCTHOI CBEPTKOM.
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The overlap-add method. The goal 15 to convolve the
input signal, (a), with the filter kernel, (b). This is
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FIGURE 18-1. The overlap-add method.
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The goal is to convolve the input signal, (a), with the filter kernel, (b). This is done by breaking the input signal into
a number of segments, such as (¢), (d) and (e), each padded with enough zeros to allow for the expansion during the
convolution. Convolving each of the input segments with the filter kernel produces the output segments, (f), (g), and
(h). The output signal, (i), is then found by adding the overlapping output segments.

PUCYHOK 18-1. [lepekpsiTHe - 100aBICHHBIN METOI.

Henp cocTouT B TOM, 9YTOOBI CBEPHYTh BXOTHON CHUTHAI, (a), ¢ siapoM (uibTpa, (b). IT0 crenaHo, pa3dmBas BXOX-
HOW CHTHAJ Ha PsIIl CETMEHTOB, THma (¢), (d) u (e), Ka)X bl TOTMOIHAEMBIH JOCTaTOYHBIM KOJUIECTBOM HYJIEH, UTO-
OBl y4ecTh paclIipeHue B TeueHne cBepTku. CBepTKa KaKA0ro U3 BXOAHBIX CEIMEHTOB C SApOoM (DUIIbTpa MPOU3BO-
JIIT CerMeHThI Bbixoaa, (f), (g), u (h). Curnain Beixona, (i), Toria HaiiieH, CKJIabIBasi HAKJIA/IbIBAIOIINECS CETMEHThI
BBIXOJIA.

FFT convolution uses the overlap-add method shown in Fig. 18-1; only the way that the input
segments are converted into the output segments is changed. Figure 18-2 shows an example of
how an input segment is converted into an output segment by FFT convolution. To start, the fre-
quency response of the filter is found by taking the DFT of the filter kernel, using the FFT. For
instance, (a) shows an example filter kernel, a windowed-sinc band-pass filter. The FFT converts
this into the real and imaginary parts of the frequency response, shown in (b) & (c). These fre-
quency domain signals may not look like a band-pass filter because they are in rectangular form.
Remember, polar form is usually best for humans to understand the frequency domain, while
rectangular form is normally best for mathematical calculations. These real and imaginary parts
are stored in the computer for use when each segment is being calculated.

Caeptka BII® ucnonb3yer nepekpsITHE - 100aBICHHBIH METO/I, MOKa3aHHbIN B puc. 18-1; Tonb-
KO IyTbh, KOTOPBIM BXOJIHbIE CETMEHTHI IPE0OpPa30BaHbl B CETMEHTHI BIX0/a, M3MEHEH. PUCyHOK
18-2 moka3pIBaeT MpUMEp TOrO, KaK BXOJHON CEIrMEHT MPeoOpa3oBaH B CEIMEHT BBIXOJA CBEPT-
ko BI1I®. UtoObl HaUMHATKLCS, YaCTOTHAS XapakTepucTuka GuiabTpa HanaeHa, Oeps AI1D sapa
¢unbTpa, ucnons3ys bBIID. Jlng npumepa, (a) mokaseiBaeT mpumep siapa ¢uistpa, windowed-
sinc mojocoBoro ¢unsTpa. bII® mpeoOpazoBhIBaeT 3TO B BEIICCTBEHHBIE U MHUMBIE YaCTH Yac-
TOTHON XapaKTEePHUCTUKH, MOKa3aHHOU B (b) u (¢). DTH CHUTHANBI YaCTOTHOTO JOMEHA HE MOTYT
HanoMuHams TMOJI0COBOU (UIBTP, MOTOMY YTO OHM HaxOJATCS B MpsAMOyrojbHOU (opme. [Tom-
HUTE, OJIspHas (hopMa - OOBIYHO JIydllle BCETO JUIS JIIOJEH, YTOOBI MOHATh YaCTOTHBINA TOMEH, B
TO BpeMsl KaK MpAMOYTroJyibHas Gopma - OOBIYHO JIy4Ille BCEro JJIsi MaTeMaTHYeCKUX BbIUHCIIe-
HUM. DTU BEIIECTBEHHbIE U MHUMBIE YACTH COXPAHEHbI B KOMITBIOTEPE ISl UCIIONB30BaHUs, KO-
I/1a K&Kl CErMEHT BBIUNCIISIETCS.

Figure (d) shows the input segment to being processed. The FFT is used to find its frequency
spectrum, shown in (e) & (f). The frequency spectrum of the output segment, (h) & (i) is then
found by multiplying the filter's frequency response, (b) & (c), by the spectrum of the input seg-
ment, (e) & (f). Since these spectra consist of real and imaginary parts, they are multiplied ac-
cording to Eq. 9-1 in Chapter 9. The Inverse FFT is then used to find the output segment, (g),
from its frequency spectrum, (h) & (i). It is important to recognize that this output segment is
exactly the same as would be obtained by the direct convolution of the input segment, (d), and
the filter kernel, (a).

Pucynoxk (d) noka3siBaeT BXOAHOM cerMeHT k o0padoTtke. bII® ucnons3yercs, 4ToObl HAMUTH €ro
CIIEKTp 4acTOT, noka3aHHbIi B (€) u (f). CrexTp yacTor cermenra Boixoza, (h) u (i) Torma Haii-
JI€H, YMHO’Kas 4aCTOTHYIO XapaKTepUCTUKY GunbTpa, (b) u (C), CIEKTPOM BXOJHOTO CETMEHTA,
(e) u (f). Tak KaK ATH CHEKTPHI COCTOST M3 BEIIECTBEHHBIX M MHUMBIX YacTeil, OHU YMHOKECHBI
coryiacHO ypaBHeHHIO 9-1 B riaBe 9. O6patHoe BII® toraa ucnonbdyercs, 4ToObl HAMTH cer-
MEHT BBIX0/1a, (g), OT €ro CreKTpa 4actoT, (h) u (i). BaykHO mMpHU3HATE, YTO STOT CETMEHT BBIXO/1a
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- TOYHO, TOT € CaMblii KaK ObLIT ObI OTYYEH MPSIMOIl CBEPTKOM BXOJHOTO cerMeHTa, (d), u aapa
¢dbuneTpa, (a).

The FFTs must be long enough that circular convolution does not take place (also described in
Chapter 9). This means that the FFT should be the same length as the output segment, (g). For
instance, in the example of Fig. 18-2, the filter kernel contains 129 points and each segment con-
tains 128 points, making output segment 256 points long. This calls for 256 point FFTs to be
used. This means that the filter kernel, (a), must be padded with 127 zeros to bring it to a total
length of 256 points. Likewise, each of the input segments, (d), must be padded with 128 zeros.
As another example, imagine you need to convolve a very long signal with a filter kernel having
600 samples. One alternative would be to use segments of 425 points, and 1024 point FFTs. An-
other alternative would be to use segments of 1449 points, and 2048 point FFTs.

BII® nomxHBI OBITH TOCTATOYHO JJIMHHBI, YTO KPyTroBas(IUKINYECKass) CBEepTKa HE UMeIa MECTO
(Takxe omucaHo B riaBe 9). O1o o3HayaeT, uTo BIID moimKHO OBITH TOM K€ caMOM JUIMHBI KaK
CEerMeHT BhIX0a, (g). Hampumep, B mpumepe puc. 18-2, sapo dbunsTpa copepxkut 129 Touek, u
KaXJIbIl CETMEHT colepkuT 128 Touek, Aenas CerMeHT BbIXoAa 256 TOYeK MJIMHHOU. DTO 3a-
npammuBaeT 256 Touek BIID, koTopbie HY)XKHO UCTIOIB30BaTh. DTO O3HAYAET, UTO PO QUILTPA,
(a), momkHO OBITH AOMONHEHO 127 HyJssMH, YTOOBI IPUHECTU ITO K TMOJTHOU JuiHE 256 TOYEK.
AHaJIOTUYHO, KaXIbIi M3 BXOAHBIX cerMeHTOB, (d), momkeH momonHUThCA 128 Hymsmu. Kak
Ipyro# mpumep, BooOpa3ute, 4To BBl JOMKHBI CBEPHYTh OYCHD JIIMHHBIA CUTHAN C HAIMYUEM B
snape hunpTpa 600 BeIOOpoKk. OHa anbTepHaTHBA ObLIa OBl TOJDKHA MCTIOIB30BaTh CETMEHTHI 110
425 touek, u 1024toukn BIID. Jlpyras anprepHaTHBa Oblia OBl JOJKHA UCIIONB30BAaTh CETMEH-
TeI 10 1449 Touek, u 2048 Touek BIID.

Table 18-1 shows an example program to carry out FFT convolution. This program filters a 10
million point signal by convolving it with a 400 point filter kernel. This is done by breaking the
input signal into 16000 segments, with each segment having 625 points. When each of these
segments is convolved with the filter kernel, an output segment of 625 + 400 - 1 = 1024 points is
produced. Thus, 1024 point FFTs are used. After defining and initializing all the arrays (lines
130 to 230), the first step is to calculate and store the frequency response of the filter (lines 250
to 310). Line 260 calls a mythical subroutine that loads the filter kernel into XX[0] through
XX[399], and sets XX[400] through XX[1023] to a value of zero. The subroutine in line 270 is
the FFT, transforming the 1024 samples held in XX] ] into the 513 samples held in REX[ ] &
IMX] ], the real and imaginary parts of the frequency response. These values are transferred into
the arrays REFR[ ] & IMFR] ] (for: REal and IMaginary Frequency Response), to be used later
in the program.

Tabmuua 18-1 mokaspiBaeT MpUMep MpOrpamMMbl, YTOOBI BBHINOIHUTE cBepTKy BIID. Drta mpo-
rpamma ¢punsTpyet 10 MUJUTMOHOB TOYEK CUTHANA, CBEpThIBas, 3TO ¢ 400 Toukamu siapa GuiIbT-
pa. Oto caenaHo, pa3buBasi BxogHOW curHan Ha 16000 cCerMeHTOB, ¢ KaXKIbIM CETMEHTOM,
UMerImuM 1o 625 Touek. Korma kaxaplii U3 3TUX CETMEHTOB CBEPHYT C siApoM (uibTpa, cer-
MeHT Bbixoaa 625 + 400 - 1 = 1024 touku - npousBeAcHHbIN. Takum 00pa3oM, UCIIONIB3YyeTCs
1024 Touku BII®. Iocne onpeneneHus U MHUIMAIH3AIMNA BCeX MaccUBOB (cTpoku ot 130 mo
230), mepBbIi IIar JOMKEH BBIYUCIATH M COXPAHUTH YACTOTHYIO XapaKTEPUCTUKY (HIbTPa
(ctpokm ot 250 mo 310). Crpoka 260 BbI3bIBacT MUGUUYECKYIO MMOAIPOrpaMMy, KOTOpasi 3arpy-
xaet sanpo ¢unbrpa B XX[0] uepes XX[399], u ycranaBnuBaer XX[400] gepes XX[1023]
3HaueHuio HyJs. [Tognporpamma B ctpoke 270 - BII®, npeobpazoBsiBaet 1024 BBEIOOpKH, TIPO-
BeneHHbie(noaaepxkanubie) B XX[ | B 513 BeiOopkax, mpoBeaeHHbIX(MToanepkaHHbIX) B REX] |
u IMX] ], BeleCTBEHHbIE 1 MHUMBIE YaCTH YACTOTHOM XapaKTEPUCTUKHU. DTH 3HAYEHUS TIepea-
uei(niepemeniensl) B MaccuBbl REFR[ | u IMFR[ | (ansa: REal and IMaginary Frequency Re-
sponse), 9TOOBI UCIIOJIb30BAThCS MTO3KE B IPOTPaMMe.
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FIGURE 18-2

FFT convolution. The filter kernel, (a), and the signal segment, (d), are converted into their respective spectra, (b) &
(c) and (d) & (e), via the FFT. These spectra are multiplied, resulting in the spectrum of the output segment, (h) &
(i). The Inverse FFT then finds the output segment, (g).

PUCYHOK 18-2. Ceeptka BI1D.

SAnpo ¢unetpa, (a), U cermMeHT currana, (d), mpeodpa3oBaHbl B UX COOTBETCTBYIOIINE cleKTpHl, (b) u (c) u (d) u (e),
yepe3 BII®. Dty criekTpbl YMHOXKEHBI, IPUBOJIS K CIIEKTPY cerMeHTa Bbixona, (h) u (i). O6parnoe BII® Torna na-
XOJUT CErMEHT BBIX0J1a, (g).
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The FOR-NEXT loop between lines 340 and 580 controls how the 16000 segments are proc-
essed. In line 360, a subroutine loads the next segment to be processed into XX[0] through
XX[624], and sets XX[625] through XX[1023] to a value of zero. In line 370, the FFT subrou-
tine is used to find this segment's frequency spectrum, with the real part being placed in the 513
points of REX] ], and the imaginary part being placed in the 513 points of IMX] ]. Lines 390 to
430 show the multiplication of the segment's frequency spectrum, held in REX[ ] & IMX] ], by
the filter's frequency response, held in REFR[ ] and IMFR[ ]. The result of the multiplication is
stored in REX[ | & IMX] ], overwriting the data previously there. Since this is now the fre-
quency spectrum of the output segment, the IFFT can be used to find the output segment. This is
done by the mythical IFFT subroutine in line 450, which transforms the 513 points held in REX[
] & IMX] ] into the 1024 points held in XX[ ], the output segment.

Jist FOR-NEXT mukiia mexay crpokamu 340 u 580 ynpasnenne, kak 16000 cermeHTOB 00pa-
6otanbl. B ctpoke 360, moanmporpaMma 3arpyskaeT CIeIyIONINi CerMeHT, KOTopblii OyeT o0pa-
6otan B XX[0] uepe3 XX[624], u ycranaBnuBaer XX[625] uepe3 XX[1023] k 3HaUCHHUIO HYJIS.
B ctpoke 370, ucnons3yercs noxnporpamma BII®D, yToObI HAWTH CHEKTP YaCTOT 3TOTO CETMEH-
Ta, C BEIIECTBEHHOM YacThio, momemaemor B 513 touek REX][ |, m MHUMOM 4yacTh, mnomelae-
Mot B 513 touek IMX []. Ctpoku ot 390 no 430, nmoka3piBal0OT yMHOKEHHUE CIIEKTPA YACTOT CET-
MeHTa, npoBeaeHHoro(moanepkannoro) B REFR[ | u IMFR] ], wacToTHOI XapaKTepuCTUKON
¢unbTpa, nposenennoi(moanepxkantnoi) B REFR[ | and IMFR[ ]. Pe3ynbrar yMHOXEHUsI CO-
xpaneH B REX[ | & IMX] ], 3anuceiBas moBepX MHaHHBIX KOTOPHIE MPEABAPUTEIIBHO HAXOIATCS
TaM. Tak Kak 3To - Tenephb CHEKTP 4acTOT CerMeHTa BeIxoaa, IFFT MoxkeT ucnosb30BaThCs, YTO-
OBl HAUTH CETMEHT BhIXOAa. IT0 caenano mupuueckoit IFFT moanmporpammoii B ctpoke 450, ko-
Topasi mpeodpa3zoBbiBaeT 513 Touek, mpoBeneHHbie(noanepxkanubie) B REX[ | u IMX[ | B 1024
TOYKaX, MPOBEJACHHBIX (MOAIepKaHHBIX) B X X[ |, CErMEHTa BBIXO/1a.

Lines 470 to 550 handle the overlapping of the segments. Each output segment is divided into
two sections. The first 625 points (0 to 624) need to be combined with the overlap from the pre-
vious output segment, and then written to the output signal. The last 399 points (625 to 1023)
need to be saved so that they can overlap with the next output segment.

Crpoku ot 470 no 550, 0O6pabaThiBalOT MepeKpbiBaHUE CerMEeHTOB. Kakabplii CerMeHT BbIXOJa
pasneneH Ha nBa pasznena. [lepseie 625 Touek (0T 0 10 624) MOMKHBI OBITH OOBETUHEHBI C TTEepe-
KpBITHEM OT MPEbIAYIIEr0 CErMEHTa BhIXOa, M 3aTEM 3alKcaHbl B CUTHAI BbhIxoaa. [locnennue
399 touek (ot 625 no 1023) momKHBI OBITH COXpPaHEHBI TaK, YTOOBI OHU MOTJIM HAKJIAbIBATHCS
CO CJIEYIOUINM CETMEHTOM BBIXOJA.

To understand this, look back at Fig 18-1. Samples 100 to 199 in (g) need to be combined with
the overlap from the previous output segment, (), and can then be moved to the output signal (i).
In comparison, samples 200 to 299 in (g) need to be saved so that they can be combined with the
next output segment, (h).

Uro06bl NOHUMATh 3TO, OMIIHUTECH Ha3aj B puc. 18-1. Beibopku ot 100 no 199 B (g), nomxkHsbI
ObITH O0BEAMHEHBI C TIEPEKPBITUEM OT npedbloyujeco cerMeHTa Beixoa, (f), u MoryT Toraa ObITh
nepeMenieH B BeIxoaHOW curHan (i). s cpaBHenus, BeIOOpKU oT 200 10 299 B (g), MOIHKHEI
OBITb COXPAHEHBI TaK, YTOOBI OHU MOTIJIU ObITh 0OBEINHEHBI CO CIEAYIONIMM CETMEHTOM BBIXO/A,

(h).
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Now back to the program. The array OLAPJ ] is used to hold the 399 samples that overlap from
one segment to the next. In lines 470 to 490 the 399 values in this array (from the previous out-
put segment) are added to the output segment currently being worked on, held in XX[ ]. The
mythical subroutine in line 550 then outputs the 625 samples in XX[0] to XX[624] to the file
holding the output signal. The 399 samples of the current output segment that need to be held
over to the next output segment are then stored in OLAP[ ] in lines 510 to 530.

Tenepsr Hazax k nporpamme. MaccuB OLAP[ | ucnons3yercs, uTo0bl nmpoBecTu(aepxkats) 399
BbIOOPOK, KOTOpPBIE HAKJIABIBAIOTCS OT OAHOI'O CErMEHTA J10 cienytomero. B crpokax ot 470 no
490, 399 3HaveHMil B 5TOM MaccuBe (OT MPEABITYIIET0 CErMEHTa BbIX0Ja) A00aBJIEHBI K TEKY-
IIEMy CETMEHTY BBIXOJa B HacTosliee Bpems(OyayuH) pa3padaTbiBacéMbIM, MPOBEACHBIM (I10-
nepxadbiM) B XX [ . Mududeckas noamnporpamma B ctpoke 550 Tormaa BEIBOAUT 625 BEIOOPOK
B XX[0] k XX[624] x daiiny, nepxamemMy(IpoBOAIIIeMy) CUTHAT BbIxosa. 399 BEIOOPOK TEKy-
IIETO0 CErMEHTa BBIXOJA, KOTOPBIE JOKHBI OBITh OTJIOXKEHBI(COXPAHEHBI) K CIEAYIOLIEMY Cer-
MEHTY BbIXoza, Toraa coxpaHeHsl B OLAP [ | B crpokax ot 510 no 530.

After all 0 to 15999 segments have been processed, the array, OLAP[ ], will contain the 399
samples from segment 15999 that should overlap segment 16000. Since segment 16000 doesn't
exist (or can be viewed as containing all zeros), the 399 samples are written to the output signal
in line 600. This makes the length of the output signal 16000 x 625 + 399 = 10000399 points.
This matches the length of input signal, plus the length of the filter kernel, minus 1.

[Tocne Toro kak Bce oT 0 10 15999 cermenToB ObLH 00paboTansl, Mmaccu, OLAP [ ], Oyner co-
nepxatb 399 BeIOOpOK OT cermeHTa 15999, KoTOPBIN NODKEH HATOXKUTHCA Ha cerMeHT 16000. C
Tex mop cermeHT 16000, He cymiecTByeT (WM MOXKET OBITh TPOCMOTPEH KakK COACpXkKAIIui Bce
HyH), 399 BRIOOPOK HamMCaHbl K CHTHATY BbIxoza B cTpoke 600. DTo menaer IJIMHY CHUTHAIA
Bbixoga 16000 x 625 + 399 = 10000399 Touek. DTO COOTBETCTBYET JUIMHE BXOJHOTO CUTHAJA,
IUTIOC JUTMHA g1ipa GuibTpa, MuHyc 1.

Speed Improvements
Yrounenus beicTponeiictBus

When is FFT convolution faster than standard convolution? The answer depends on the length of
the filter kernel, as shown in Fig. 18-3. The time for standard convolution is directly proportional
to the number of points in the filter kernel. In comparison, the time required for FFT convolution
increases very slowly, only as the logarithm of the number of points in the filter kernel. The
crossover occurs when the filter kernel has about 40 to 80 samples (depending on the particular
hardware used).

Korma - cBeprka BII® Owictpee yem cranmaptHas cBepTka? OTBET 3aBHUCHUT OT JUIMHBI S1pa
¢unbTpa, Kak nokasaHo B puc. 18-3. BpeMs 115 cTaHIapTHOM CBEPTKU - HEMOCPEACTBEHHO IPO-
HNOPIMOHAJILHO YUCITY TOYEK B siape (uibTpa. [y cpaBHEHMs, BpeMs, TpeOyeMoe Uil CBEPTKU
BII®, yBennuuBaeTcsi 0O4CHb MEIJICHHO, TOJILKO KaK .J102apugm Yuclia TOYeK B siape QuibTpa.
[Tepeceuenne nmpoucXoauT, Koraa siapo GpuiabTpa uMeeT npudausutensHo oT 40 1o 80 BEIGOPOK
(B 3aBUCUMOCTH OT ClIeHU(UIECKUX UCIIOJIB3YEMBIX allapaTHBIX CPECTB).
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100 'FFT CONVOLUTION

110 'This program convolves a 10 million point signal with a 400 point filter kernel. The input
120 'signal is broken into 16000 segments, each with 625 points. 1024 point FFTs are used.
130 '

130" 'INITIALIZE THE ARRAYS

140 DIM XX[1023]" the time domain signal (for the FFT)

150 DIM REX][512] 'real part of the frequency domain (for the FFT)

160 DIM IMX[512] 'imaginary part of the frequency domain (for the FFT)

170 DIM REFR[512] 'real part of the filter's frequency response

180 DIM IMFR[512] 'imaginary part of the filter's frequency response

190 DIM OLAP[398] 'holds the overlapping samples from segment to segment

200"

210 FOR 1% =0 TO 398 'zero the array holding the overlapping samples

220 OLAP[1%] =0

230 NEXT 1%

240"

250" 'FIND & STORE THE FILTER'S FREQUENCY RESPONSE

260 GOSUB XXXX 'Mythical subroutine to load the filter kernel into XX ]

270 GOSUB XXXX 'Mythical FFT subroutine: XX[ ] --> REX][ ] & IMX] ]

280 FOR F% = 0 TO 512 'Save the frequency response in REFR[ ] & IMFR] ]
290 REFR[F%] = REX[F%]
300 IMFR[F%] = IMX[F%]

310 NEXT F%

320"

330" 'PROCESS EACH OF THE 16000 SEGMENTS

340 FOR SEGMENT% =0 TO 15999

350"

360 GOSUB XXXX 'Mythical subroutine to load the next input segment into XX] ]
370 GOSUB XXXX 'Mythical FFT subroutine: XX[ ] --> REX[ ] & IMX] ]

380"

390 FOR F% = 0 TO 512 'Multiply the frequency spectrum by the frequency response
400 TEMP = REX[F%]*REFR[F%] - IMX[F%]*IMFR[F%]
410 IMX[F%] = REX[F%]*IMFR[F%] + IMX[F%]*REFR[F%]
420 REX[F%] = TEMP
430 NEXT F%
440"
450 GOSUB XXXX 'Mythical IFFT subroutine: REX[ ] & IMX] ] --> XX] ]
460"
470 FOR 1% =0 TO 398 'Add the last segment's overlap to this segment
480 XX[1%] = XX[1%] + OLAP[1%]
490 NEXT 1%
500
510 FOR 1% = 625 TO 1023 'Save the samples that will overlap the next segment
520 OLAP[1%-625] = XX[1%]
530 NEXT 1%
540"
550 GOSUB XXXX 'Mythical subroutine to output the 625 samples stored
560 ''in XX[0] to XX[624]
570"
580 NEXT SEGMENT%
590
600 GOSUB XXXX 'Mythical subroutine to output all 399 samples in OLAPJ ]
610 END
TABLE 18-1
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FIGURE 18-3

Execution times for FFT convolution. FFT convolution is
faster than the standard method when the filter kernel is
longer than about 60 points. These execution times are
for a 100 MHz Pentium, using single precision floating
point.
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The important idea to remember: filter kernels shorter than about 60 points can be implemented
faster with standard convolution, and the execution time is proportional to the kernel length.
Longer filter kernels can be implemented faster with FFT convolution. With FFT convolution,
the filter kernel can be made as long as you like, with very little penalty in execution time. For
instance, a 16,000 point filter kernel only requires about twice as long to execute as one with
only 64 points.

Baxxnast uaest k 3aoOMUHaHMIO: s1ipa puiabTpa Kopoye ueMm, NpuOIu3UTeabHo, 60 Touek MOryT
OBITH OCYILECTBJIEHBI OBICTPEE CO CTaHIAPTHOM CBEPTKOM, U BPEMS BBIIIOJIHEHUS MPONOPIHO-
HAJIbHO K JUIMHE s1pa. J[nuHHbIE 11pa GUIbTpa MOTYT ObITh OCYILECTBIIEHBI ObICTpPEE CO CBEPT-
kot BII®. Co ceptkoii BII®, siapo ¢punbTpa MOKET OBITH CIENAHO TaKUM JTMHHBIM, Kak Bam
HPaBHUTCS, C OYEHb HEOOJBIION MoTepelt BpemeHH BbinoiaHeHus. Hampumep, ¢ 16000 Toukamu
sapa GuiabTpa, TpeOyeTcs: BpeMs BBITIOIHEHUS TOJIBKO 6060e OOJIbIIE, YeM MPH BBITOJTHEHUH 511
pa ¢ 64 Toukamu.

The speed of the convolution also dictates the precision of the calculation (just as described for
the FFT in Chapter 12). This is because the round-off error in the output signal depends on the
total number of calculations, which is directly proportional to the computation time. If the output
signal is calculated faster, it will also be calculated more precisely. For instance, imagine con-
volving a signal with a 1000 point filter kernel, with single precision floating point. Using stan-
dard convolution, the typical round-off noise can be expected to be about 1 part in 20,000 (from
the guidelines in Chapter 4). In comparison, FFT convolution can be expected to be an order of
magnitude faster, and an order of magnitude more precise (i.e., 1 part in 200,000).

Bvicmpooeiicmeue cBEpPTKU TakKe AUKTYET MPELU3UOHHOCTH BBIUMCIIECHUS (TaKKe, KaK OMUCAHO
1st BIID B rmaBe 12). 970 - TO, IOTOMY 4TO OIIMOKA OKPYTJICHUSI B CUTHAJIE BBIXOJIa 3aBUCUT OT
OO0IIEero KOJMUYECTBA BBIYUCICHHUM, KOTOPBIN SBISETCS HEMOCPEACTBEHHO MPOMOPLUUOHATIBHBI K
BpEMEHH BbIUMCIICHUs. Eciau curHan BbIXoAa paccuuTaH ObicTpee, OH OyAeT TakKe paccuuTaH
6onee Touno. Hampumep, BooOpaszute cBepThiBanue curraia ¢ 1000 Touek siapa dunbrpa, ¢
OJMHAPHOM MPENM3UOHHOCTHIO C IJIaBarolen 3amsaToil. Mcnosb3yst cTaHAapTHYIO CBEPTKY, TH-
IOUYHBIA IIYM OKPYTJICHHSI MOXET 0KMIAThcs, YTOObI ObITh pubnusutensHo 1/20000 (ot pyko-
BOJSTINX(OCHOBHBIX ) MPUHIIUIIOB B TiaBe 4). [l cpaBHeHus1, cBepTka BIID MoxeT oxxumarbes,
YTOOBI OBITH MOPSAAKOM BEIMYUHBI ObICTpee, U TOPSIKOM BEIWYHHBI Oojiee TouHas (TO ecTsh, 1
gacts B 200000).
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Keep FFT convolution tucked away for when you have a large amount of data to process and
need an extremely long filter kernel. Think in terms of a million sample signal and a thousand
point filter kernel. Anything less won't justify the extra programming effort. Don't want to write
your own FFT convolution routine? Look in software libraries and packages for prewritten code.
Start with this book's web site (see the copyright page).

Coxpanute cBeptky BII®, npunpstannyio s Toro, korna Bel umeere 00iblIoe KOJIHMYECTBO
JAHHBIX, YTOOBI 00pPabaThHIBaTh U HYXAAThCS B UPE3BBIYANHO JJIMHHOM siape GuiabTpa. Jlymaiite
CKaXeM O MuiuoHe BEIOOPOK CUTHANA, U mylcAayu TOUEK sapa punbrpa. Yto - HUOY b MEHbIIE
He OyzneT 000CHOBBIBATH JOMOJHUTENBHOE YCUIINE 3aTpadyeHHOe Ha IMporpammupoBanue. He xo-
TUTE 3alucaTh Bally COOCTBEHHYIO moarnporpammy cBepTku BIID? CmoTpuTe B MporpaMMHBIX
OMOIMOTEKAaxX M MaKeTax I KoAa B TekcToBou popme. Haunnre ¢ web caifta 3T0oil KHUTH (CM.
CTpaHMIly aBTOPCKOTO MpaBa).
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